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Abstract 

Given a solution of a nonlinear wave equation on the flat space-time (with a 
real analytic nonlinearity) , we relate its Cauchy data at two different times by 
nonlinear representation formulas in terms of asymptotic series. We first show how 
to construct formally these series by mean of generating functions based on an 
algebraic framework inspired by the construction of Fock spaces in quantum field 
theory. Then we build an analytic setting in which all these constructions really 
make sense and give rise to convergent series. 

[u] [v] [v] It is well-known that, for hyperbolic wave equations like, for instance, the linear 
Klein-Gordon equation on the space-time K x W 1 : 

Cp'lL 

— - Au + m 2 u = 0, (1) 
ut 

one can construct first integrals, i.e. conserved quantities. One of the most important 
example is the energy E t [u] := ~ J Rn ^(^) 2 + | Vw| 2 + m 2 w 2 j \ x o =t dx, which is particularly 
useful in the analysis of the solutions of JT]). (Here we denote by x = (x°,x) 6 K x K" a 
point in space-time, || := and V« := (J^t, • • • , J^r)-) By claiming that the family 
of functional (E t ). R is a first integral we mean that, for any given solution u of (pQ), 
the value of E t [u] does not depend on t. Equation ([I]) possesses however other conserved 
quantities such as 

it[u] ■= L { u ift - ^ (2) 

where ip is a fixed solution of (flj) . One interpretation of these functionals is based on 
Noether's theorem: solutions to (pQ) are the critical points of the functional Cq[u] : = 

J RxR „ | ((^r) 2 — | Vm| 2 — m 2 w 2 j dx and hence a first integral is associated to each sym- 
metry. The conservation of the energy E t is then a consequence of the invariance of this 
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problem by translations in time, whereas the conservation of functionals If is due to the 
fact that the Lagrangian functional £ is invariant up to a boundary term by the substi- 
tution u i — > u + sip. Another point of view, which is closer to differential Geometry, is 
to consider the set So of all solutions to (pQ) as a manifold (here we stay vague about the 
choice of the topology). Then to each time t we associate a system of coordinates on So 
which is nothing but the Cauchy data [u)t '■— (u(t, ■), ^(t, ■)) and the conservation of, say 
If, means that a functional 1^ can be consistently constructed on So by using, for each 
time t, the expression If on the coordinate system u i — > [u]t- Note that the functionals 
I v play an important role in the quantization of equation ([1]), since if ip is a (complex) 
solution of ([1]) of the form e x , then the quantization of 1^ leads to creation and anni- 
hilation operators (see [15], the resulting quantum fields are then of course free). In this 
paper we are interested in finding analogous conserved quantities for a more general, non 
linear Klein-Gordon equation: 



d 2 u 
dt 2 



Au + m 2 u + W(u, Vtt) = 0, (3) 



where W : K x R n+1 — ► R and Vu := (0, J^-, ■ ■ ■ , . We denote by S w the set of so- 
lutions of the non linear Klein-Gordon equation ([3]). For instance if W(y, z ,zi,--- , z n ) = 
V'(y), where V : R — > R is a real analytic function, solutions of ([3]) are the critical 

points of Cy[u] := J RxRn \ (i^) 2 ~ |Vm| 2 — m 2 u 2 — V{u) j alx and in this case the en- 
ergy Ef[u] := | f Rn ^(^) 2 + |Vm| 2 + m 2 u 2 + V(u) J \ x o =t alx is still a conserved quantity. 

However, as soon as W is not linear, there is no way to find non trivial functions ip such 
that the functionals If be first integrals of ([3]) , as observed in [9j [H] . This is the reason 
why it was proposed in [16] to look at more general functionals, of the form 

oo 

^H = E^>r, (4) 
P =i 

where [u] t denotes the Cauchy data at time t and, letting H to be the set of all possible 
values of Cauchy data at some time, each Tt tP is a linear functional on the p-th tensor 
product H® p :=H®---®H and [u}f p := [u] t <g> • • • <g> [u] t G H® p . Hence each functional 
u i — >■ T t ,pMf p is a homogeneous polynomial of degree p and T t is a series in u. In [13], the 
first Author proved that such series can be constructed in the case where W(u, Vu) = u 2 . 
In the following we recall the content of this paper. 

We start with some <p G So (i.e. a solution to the linear equation (TjQ)) and we use its 
Cauchy data [p]o at time to obtain a functional Iq on S. Then the first result is that it 
is possible to build a formal series Tf of the type (HJ s.t. formally Tf[u] t = Iq[u] for all 
time t. The first term in the series is 

< — ► i — k 

f f d d 

J{t}xR n J{0}xR n u y ux 



where G is the unique tempered distribution onRx W 1 which is the solution of 



AG + m 2 G = and such that G\ x o =0 = and ^f-\ x o =0 = 5$, the Dirac mass at the origin 



in IR n . Moreover we have introduced the symbol -J^ denoting^: 



for any functions a and b. However since (p G So, f{y) = Jj } xR n dxG(y — x)-£^cp(x), so 
that 



{i}xl 



d 



The second term J-f 2 [u]t ® l u ]t is equal to 




dyidy 2 



({t}xM") 2 



f/2 



{0}xl" 



d d d 
dxu(y 1 )u(y 2 ) ^ G{y 1 -z)G{y 2 -z)G{z-x)—ip{x) 



dyl dy\ 



These terms can alternatively be described through diagrams, more precisely trees, by 
using adapted Feynman rules: 



KM 



y 



m< 2 



y\ 



■2/2 



X ■ 



X 

The variable x at the bottom horizontal line is associated with the insertion on the right 
hand side in the integral of ^Lp(x) and with an integration over x at time x° = 0. 
Similarly each variable y at the top horizontal line is associated with the insertion on the 
left hand side in the integral of u{y)-^p and with an integration over y at time y° = t. The 
intermediate vertex z represents an integration over [0, t] x M. n and each intermediate edge 
is associated to the insertion of G('up' — 'down'), where 'up' and 'down' are the variables 
at the ends of the corresponding edge. 

The second content of the result in [13] (still for W(u, Vw) = u 2 ) is that one can choose 
suitable function spaces for respectively if and u such that the preceding series converges 
and defines a first integral. More precisely we let H s (W n ) be the Hilbert space of tempered 
distributions v G 5'(IR n ) such that e s v G L 2 (M. n ), where v is the Fourier transform of v 
and e(f) := 2 + |£| 2 . If s > n/2, (p is in C°(R, H~ s (R n )) n C\R, H-'-^W 1 )) and u 
is a solution to ^ which belongs to C°([0, T), H s+2 (W n )] in ^([0, T], H s+1 (R n )) for some 
T, then, under a reasonable smallness assumption on T and ||m||, the functional Tf is 
defined for all t G [0, T] and the value of Ti\u\t does not depend on t G [0, T]. 



1 We adopt here the same notation as in |13j but with an opposite sign convention, which agrees with 
the one used by physicists. 



The proof in [13], which uses a lot of combinatorics, can be extended without diffi- 
culties to nonlinearities of the type W(u, Vw) = w p_1 , for all integer p > 3, by replacing 
binary trees by (p — l)-nary trees. However it seems difficult to extend it to deal with 
more general nonlinearities or to systems of hyperbolic wave equations. The purpose of 
our paper is precisely to present a new principle which allows both to construct and to 
prove the convergence of functionals of the type (Jl]) for more general nonlinearities. It is 
based on the following heuristic construction. 

We let (0 > (a ; )) x . e K X iRn and (0 < (a ; )) xg K X iRn be respectively families of 'creation' and 'an- 
nihilation' linear operators, acting on some infinite dimensional vector space F, a classical 
analogue of Fock spaces used in quantum fields theories. They are formally solutions of 
the linear Klein-Gordon equation ([1]), i.e. \3cff + m 2 > = + m 2 ^ = 0. The space 
F contains a particular vector |0) and its dual space F* another vector (0|, such that 
(0 1 0) = 1. Operators ^(x) and ^(x) obey to commutation relations [^(x), t> (y)] = 
[^(x), < (y)] = and [4> < (x),4 l> (y)] = G(x — y) and their action on F and F* are such 
that ^(x) |0) = and (O|0 I> (a;) = 0. Using these rules, for any 6 £ and u e £w, one 
can define formally the following expression 



T?[u] t := (M t |Texp (- [ W( ( j ) > (z),^(z)) ( p<(z)dz] \fj, (5) 
where we have set 



0<z°<t 



(H|:=(0|exp[ I ^u(y)^r(y)dyj and := £^ p(x)j^<p{x)dx |0) (6) 

and the symbol T in §5§ forces the exponential on his right to be time ordered. Hence if 
we write 

W{(f/'{z) i V<ff > {z))<f> < {z)dz:= [ W(^(s,z),V(p' > (s,z))^(s,z)dz, (7) 

{s}xl" JR n 

then 

ft 



Texp ( - / W((j) > (z),V(j) > (z))(j) <1 (z)dz = Texp - / B s ds 

I0<z°<t J V JO 



: =Z}( -1 ) */ B Sk ---B Sl d Sl ---ds k . 

k = J0<S!<--<S k <t 



It is clear that, if the expression §5§ has some meaning, then it depends only on [u] t and 
should be of the form (jl]). We will see that actually, under some hypothesis, it defines a 
time independant functional. 

For s > n/2 we define to be the set of pairs ((t,t),u), where t < < t and 
u E C°((t,t),H s+1 (R n )) n C 1 ((£,t),.H'"(R n )) is a weak solution of the non linear Klein- 
Gordon equation ([3]). (Note that the condition s > n/2 implies that u is C 1 on (t, t) x M. n .) 
For all time t 6 (t,t) we note := \\u(t, + llff(*> ')ll# 3 - O ur m ain result is 



Theorem 0.1 Assume that W : R x M. n+1 — > R zs an entire real analytic function and 
let s > n/2. Then there exists an entire complex analytic vector field X = X(z)4- on C, 
such that Vz G C, X[z) = ^2T=o a k z with a& > 0, Vfc 6 N, which depends only on W 
and s such that the following holds. Let ((t,t),u) G S^ 1 such that 

sup e tx (||[u]t||«+i) < +oo, 
o<t<t 

then, for any weak solution tp G C°(R, #~ s (R n )) n C X (R, #- s - 1 (R n )) o/ tfie Zznear iHezn- 
Gordon equation (Qp, i/jere exists a family of continuous functionals (^Dte[ot) on -f^ s+1 (R n ) x 
ii" s (R n ) of the form Q), which satisfies 

Wte[o,t), J?Mt = lg[u] . (8) 

Moreover Tf[u] t is given by the expression |3J). 

Actually a large part of this paper is devoted to the construction of a framework in which 
(JSJ) really makes sense. Once this is done Theorem 10.11 will follow relatively easily. Fur- 
thermore we prove a more general result which apply to nonlinear equations of the type 
Du + m 2 u + V(u, §f) = 0, where s is arbitrary and V : H s+1 (W n ) x H s (R n ) — ► H s (R n ) 
is a real analytic functional on a neighbourhood of in H s+1 (M. n ) x H s (M. n ) (if V is a 
local functional on u and its space-time derivative, i.e. of the form u i — ► W a («, Vm), 
where W : IR n+2 — > R is real analytic, and if s > n/2, this implies Theorem 10.11) . Note 
that, as particular examples of applications of Theorem 10 .1} we can choose p such that 
[f)o — (0,fe), for some x = (0,x), then it turns out that Tf[u] t = u(x). Similarly by 
choosing [<p] = (— 5g, 0) we obtain Tf[u] t = ^(x). Furthermore one can develop the 
expression given in (J5J) by using a 'Wick theorem' (as explained in Section 1 on a simple 
example) and then recover an expansion where each term is constructed by using adapted 
Feynman rules from a Feynman diagram modelled on a tree. 

The paper is organized as follows. In the first section we expound heuristically the ba- 
sic ideas behind the construction of the formula (jSJ) and we prove formally that it gives us 
a conserved quantities. We also explain how to recover the series of |13j described previ- 
ously by a kind of Wick theorem. Roughly speaking our Fock space F is composed of real 
analytic functionals on the infinite dimensional space |0) is the constant functional 

which takes the value 1 on each G £q +1 , (0| is the 'Dirac mass' at the origin in £q +1 , (ff is 
the multiplication by a linear functional and cjf is a derivation on it. In the second section 
we introduce the analytic setting and the consistent definitions. The major difficulty is 
that the operators built from ((f cannot be bounded and hence their exponentials or time 
ordered exponentials cannot make sense as bounded operators from a function space to 

itself. This is the reason why by F we actually mean a family (F r ,Ff 1 ) of normed 

V /0<r<oo 

spaces linked together by the dense inclusions F^ C F^ cF r C F^ if r < R and each 
symbol D s (as defined in ([7])) represents actually a family of bounded operators from F^ 
to F r . In particular, for any r G (0, oo), X{r) (where X is the vector field in Theorem l0.ll) 



controls the norm of the operator D s from Fr to F r . Once these required constructions 
are done we conclude the fourth section by the proof of Theorem 10.11 In the last section 
we discuss briefly how to extend Theorem 10. II to nonlinear systems of hyperbolic equations. 

Some comments on our method: series expansions of solution to nonlinear ordinary 
differential equations (ODE) have a long history and they have different formulations 
which are of course related, depending on their use. We can mention Lie series defined by 
K.T. Chen [5], the Chen-Fliess series [7] introduced in the framework of control theory 
by M. Fliess (or some variants like Volterra series or Magnus expansion [17]) which are 
extensively used in control theory pQ, [181 E] but also in the study of dynamical systems 
and in numerical analysis. Other major tools are Butcher series which explain the struc- 
ture of Runge-Kutta methods of approximation of the solution of an ODE. They have 
been introduced by J.C Butcher (3] and developped by E. Hairer and G. Wanner [12] 
which explain that Runge-Kutta methods are gouverned by trees. Later on C. Brouder 
[21 E] realized that the structure which underlies the original Butcher's computation is 
exactly the Hopf algebra defined by D. Kreimer in his paper about the renormalization 
theory [10]. Concerning analogous results on nonlinear partial differential equations, it 
seems that the fact that one can represent solutions or functionals on the set of solu- 
tions by series indexed by trees is known to physicists since the work of J. Schwinger 
and R. Feynman (and Butcher was also aware of that in his original work), although it 
is difficult to find precise references in the litterature (however for instance a formal se- 
ries expansion is presented in [6]). However, to our knowledge, the only previous rigorous 
result (i.e. with a proof of convergence of the series) is the result in [13] already discussed. 

Notations — In the following we will denote by M := M. n+1 the Minkowski space. We 
fix a space-time splitting M = R x W 1 and we note t = x° G K the time coordinate 
and x = (x 1 , ■ ■ • ,x n ) G W 1 the space coordinates. We denote by □ := Jp- — A the 
d'Alembertian, where A := Y2i=i (£)* 1S the Laplace operator. We define the Fourier 
transform on smooth fastly decreasing functions / G 5(IR ra ) by 

f(0 = -L, f f(x)e- iS <dx. 

V ^ JW 1 

And we extend it to the Schwartz class S'(M. n ) of tempered distributions by the standard 
duality argument. Then, for s G M, we let 

H s (R n ) := {(p G S'(M n )| e s $ G L 2 (R n )}, 

where e(£) := + m 2 and we set H^Hfp := ||e s y?|| £ 2. We denote by G the distribution 

in C°°(1R, <S'(lR n )) whose spatial Fourier transform is given by 

ft. n _ 1 siny/|e| 2 + m 2 t 1 sin (e(Qt) 



Note that G G C e {R, H- s+1 - £ (R n )) (for s > n/2) is nothing but the fundamental solution 
of 

DG + m 2 G = 0, 

with the initial conditions G(0, •) = and ^-(0, •) = 5o that we already encountered. 

1 A formal description of the classical Fock space 

This part is essentially heuristic and provides the basic ideas which will become rigorous 
in the following sections. 

1.1 A formal algebra 

We first define a formal algebra A which helps us to define the generating function §5§ 
(leaving aside the delicate question whether such an algebra exists). We let A be the 
algebra spanned over M by the symbols: 

{<f{*)A\y)) x , y ^n 

where we assume the following properties. 

(i) Wx,yeM, [F{y),<ir(x)) = G(y-x) 

(ii) Wx,y G M, [<f>»(y),<f>>(x)} = [cf><(y), 4>«(x)} = 

(iii) (jf{x) and > (x) depend smoothly on x and □0 > + m 2 c> = and □0 <l + m 2 < = 0. 

We further require the existence of representations of A on two vector spaces F and F* 
with the following properties. We denote by |/) elements in F and (v\ elements in F* and, 
for any ip G A we write |/) i — > V'l/) ^s action on F and (v\ i — > (v\ip its action on F*. 
We assume that there exists a pairing F* x F 3 ((v\, \f)) i — > ( v \f) G K such that for any 
element i/j G A on F* we have V(u| G F*, V|/) G F, ((v\ip) \f) = (v\ (ip\f)) =: («#!/)■ 
Lastly we assume that there exist particular vectors |0) G F \ {0} and (0| G F* \ {0}, such 
that 

(iv) \/ y e M, r(y)\o) = o 

(v) Vx G M, (Ol^ix) = 

(vi) (0|0) = 1. 



A simple consequence of properties (i) and (ii) is the following result, analogous to a 
special case of the 'Wick theorem' used in quantum field theory. 



Lemma 1.1 For all k Gf, Vyi, • • • ,y k G M , Vx G M , 

fc 

[^(wO • • • ^(y*), 0^)1 = E - ^G/i) • • • ^(%) • • • ^(w), (9) 

3=1 

where <j>\y x ) ■ ■ -ffa) ■ ■ .</><(y k ) := <f><(Vi) • • • < (j,- 1 )0 < (j. J+ i) • • -0%<O- 

Proof — We prove by recursion on fc. For = 1 this identity is nothing but (i). 
Assume that (jHJ) has been proved for k points y/s, then, V?/i, ■ ■ • , yu+i G M, Va; G M, (by 
denoting 0^ := <jf(yj) and ^ := (jf(x) for short) 



0? • • • 0^ = 0i (02 ••• = 0i 



fc+i 



^02 • " " 4>l 



^•••0^ + i 



J=2 



fc+1 



W ■ ■ ■ K 



i=2 



and the result follows for + 1 points. 



1.2 Time invariance of the functional defined by ([5]) 

We will see that, formally, the functional defined by (J5j) is time independent. We first 
introduce more concise notations, setting 



t/aV := / u{y)^4>\y)dy, 



W{f, V W := / Wmz), V<jr(z))f(z)dz, 
Jo<z°<t 



and 



\f v ) := <pd<p\0) :- 

'0 Jx°=0 



<P»(x)-^<p(x)dx\0), 



so that we may write 



f?[u] t = (0| exp Texp (- J V(0 > , V0>)0^ 



(10) 



As a preliminary we derive some relations which are consequences of (Q. It first implies 
that for all fceN, 



w9f , (jf(x) 



k-l 



111 



This follows from (Q by writing 

\ k 
ud V 



= u x ■ ■ ■ u k <9i • • • d k (j>l ■ ■ ■ <f% dy t ■ ■ ■ dy k , 

J {vl=-=vl=t} 

with the convention that Uj := u(yj) and <f)j := (ff(yj). Then (11 II) implies that for any 
analytic function of one variable /, 



d 



U 



i y o=t dy 



^ G (y~ x ) f[ h d 



But assuming that x° = t and that f(() = e^, this gives 



exp / u 



d 



x 



u[x) exp 



u d 



if x° = t, 



(12) 



(13) 



because of the Cauchy conditions on G at time 0. However since (O|0 l> (a;) = ([TBI implies 
in particular 

(0|exp ( / itV^) <f(x) = (0\u(x)exp ( \ ud <F 



(14) 



We deduce from this relation that 

(0|exp QuV^J JwfflWW = (0| Jw(u,Vu)(f> 4 exp yju*d 
Now assuming that the expression in ( jTUl) is differentiable with respect to time t, 



= (o\j f (7 M ^V) ex P Texp (~ jf W W> v< w) \U) 



dt 



We hence deduce from ( 1141) that 



— (0| exp ( u d (j> 



JWWW)^ Texp (WVO^VW) \U). 



dt 



is equal to 



(0| 



d 
dt 



u d 



W(u, Vu)^ exp ludtf) Texp - / W (</>*, Vcj?)^ \\f ip ). 



But by using the fact that (jf is a solution of the linear Klein-Gordon equation and an 
integration by parts in space variables we obtain 



4-i i»o 1 

dt 



u d 



2 j< 



a 



|2 JL< 



d 2 u 



d 2 u 



u- 



dt 2 at 2 



u 



(Am - m 2 u) J 



d 2 u 



(□it + rr^u)^ 



Hence dTt }^ 1 is equal to 

(0| j(~ Uu ~ m2u - W(u, Vu))0*exp (Ju*^(fA Texp ^- ^ W(<f, V(f)0^ 
which vanishes if □« + m 2 w + Vit) = 0. 



1.3 Expanding the generating functions Tt\u 

The 'Wick theorem' together with rules (iv) and (v) allow us also to recover an 
expansion of the functional Tf[u]t defined by (jSJ) in terms of finite integrals defined by 
trees by using Feynman rules. To illustrate this we consider the simplest case, i.e. when 
W(u, Vw) = Am 2 , for some AgI, and consider 



F?[u\ t = (0| exp (Ju*&<lA Tex P (~J Q A(^)V) jT^V^O). 



(15) 



First note that all expressions of the form (0\4>i ■•■ 4>p<t>i ••• 4>q\ 0) (where 4>ti 0^ denote 
respectively (^(yi), 4^( x j) f° r some points yi, Xj G M) vanish unless p = q, as can be shown 
by repeated applications of ([9]) and of (iv) and (v). Hence for instance the coefficient of 
the 0th power of A in the series (|T5|) is 



^>] t =(0|exp( judpjl J^d<p\0) = (0\ juydy^ J^ x d x <p x \0) 



where we set u y := u(y), d y : = ^j, <py := ^(y), <f) x '■— (^(x), etc. However it follows 
from (i), (iv) and (v) that (0|^|0) = (0\G yx + 0^|O) = G yx (where G yx := G{y-x)). 
Hence 

?t\ [ u \t= I I u y d y G yx d x ip x = If [u\ t ■ 

Jy°=t Jx°=0 

The coefficient of the first power of A is 

^>]f = (0| exp (Ju^A(-j\mA Jp*#<p\0) 

= -(^\\ JJu x uXXm f {€fr z JfX^), 

where, for a = 1,2, u a := u(y a ), d a := 0^ := 0% a ) and (jf z := <f(z), etc. Denoting 
also by G az := G(y a - z), for a = 1, 2, we have by © = G l2 $ + G 22 <^, which 

implies by (v) that (O|0>^ = Gi*(0|$ + G 2 «(0|^. A second application of © and (v) 
gives then 

(O|0i$ (C) 2 = G lz (0|$C + G 2z (0|« = (G l2 G 22 + G 2z G lz ) (0|. 
We hence deduce that 

TlMf = ~ I fu lU X% [ GuGtoWl [<&%<P\0), 
Jt Jt Jo Jo 

= - u 1 u 2 d 1 d 2 / G lz G 2z / G zx d x ip, 
Jt Jt Jo Jo 

where we set G zx := G(z — x) and we further use flH]) and (iv). We hence recover the same 
expression for Tf 2 \v^ 2 as the one obtained in [13] and expounded in the introduction. 



1.4 How to construct the representation of A on F and F* 

The heuristic idea to construct A and its representation F is the following. We still denote 
by Sq the space of solutions of the linear Klein-Gordon equation ([!]) 0(p + m 2 (p = on 
M and we let F to be the set of analytic functionals |/) : So — ► K, i.e. such that 

oo oo 

v^g^o, i/>(^=x;i/p>^®---®^=53i/ 1 ,>^ 8 *), (i6) 

p=0 p=0 

where we can view each |/ p ) as a symmetric p-multilinear functional on (So) p or, alterna- 
tively, as a linear form on (£ O ) 0P - Lastly we let A to be the algebra of linear operators 
acting on F and F* the dual space of F. 

• The definition of <f^{x) — To any point x G M we associate a particular (linear) 
functional on So, the evaluation at x: 

\x) : So — > R 

if i — > \x)((p):=(p(x). 

And we let c^{x) to be the operator of multiplication of functionals in F by the 
functional \x): 

<ff(x) : F — > ¥ 

\f) — \x)\f), 
i.e. VpeSo, {<P{x)\f)){tp) = <p{x){\f)(<p)). 

• The definition of <jf(y) - - We remark that, for any y G M, the distribution 
T y : x i — ► G(y — x) is a weak solution of the linear Klein-Gordon equation, hence 
an element of So- Thus, for any |/) G F, we can formally define the variational 
derivative 

M M .= lim l/>(y + gr y )-|/)M 

5T y e^o e 

and we let 

0%) : F — > F 

l/> - S£- 

An alternative, more algebraic definition of ^(y) for |/) given by ffT6l) is 

oo 

fa) = |/ p >(r y ® ® ■ • • ® v). 
p=l 

Then we observe that by using the Leibniz rule 

, WW i /)= ^q^ = ^M = |>i /)+w M. 

01 Ol y 01 y 01 y 



But since \x) is a linear functional -gp- = \x)(T y ) = G(y — x), hence 

<P{yW{x)\f) = G{y - x)\f) + <P{x)QQ = G{y - x)\f) + ^(rr)^(y)|/>. 

5Vy 

We thus deduce that 

[^(y),^(x)] = G(y-x). 

Moreover it is obvious that (still at a formal level) [^(y), ^{v')] = ( x ) i 4^ ( x ')] — 0- 
Lastly we let |0) G F to be the constant functional So 3 <p i — > 1 and (0| G F* to be 

(0| : F — ► K 

I/) l/>(0), 

i.e. (0| plays the role of the Dirac mass at G So- Then obviously (iv), (v) and (vi) 
are satisfied. In this representation we remark that an interpretation of {[u]t\ in ((Sj) is 
possible. Indeed if we think the operator J u d (jf as a constant vector field on the infinite 
dimensional space £q, then the exponential exp (f t u d <jf^ acts on F by translation, i.e. 

through ^exp (j t u d (jf^ |/) J {ip) = \f)(f + f[u] t )j where ip^ t G S is actually the solution 
of ([T]) which has the same Cauchy data at time t as u (in the notations of Paragraph 12.2.21 
<f[u] t '■= u %t G). Hence we deduce that ([u] t \ := (0|exp yj t u d (p^ is the Dirac mass at 
<P[ u ] t G Sq. These facts will be proved in Corollary 13.31 

1.5 Towards a well-defined theory 

All the preceding constructions are completely formal, as long as we do not precise any 
topology on F, F* and A. Moreover we would like to find topologies in such a way that 
the operators (jf and (f)^ are simultaneously well-defined. Here the main difficulty occurs, 
indeed: 

(a) on the one hand, in order to define > (a:), we need to make sense of \x) : ip i — ► <p{x) 
as a continuous operator and this requires the functions <p in So to be continuous. 
Actually a careful inspection of the formal computations done in section 11.21 reveals 
that one also needs to define which means that we actually need that <p be of 
class C l with respect to time; 

(b) on the other hand the definition of ^(y) is consistent if we can differentiate with 
respect to T y , i.e. if T y G So- However T y is only a distribution and hence this is in 
conflict with the first requirement. 

The key observation to avoid these difficulties is that, in the definition of (jS]) and in the 
formal computations done in section 11.21 we only need to define 



U(t) := Julf^, V(i) := - j(Du + m 2 u)(j) 4 and O(t) := j^i^, 



as continuous maps of the time t, with values in a set of continuous operators and to 
assume that U is derivable with respect to time, with ^ = V. Hence we will assume that 
functions in £ are sufficiently smooth, so that operators 4> > and will be well-defined. 
However we will be able to make sense of U and V if u is sufficiently smooth and to define 
D again if functions in £ are sufficiently smooth. Note that, on the infinite dimensional 
manifold £ , U and V can be viewed as tangent vector fields with constant coefficients, 
whereas D is a tangent vector field with non constant analytic coefficients. 

2 The analytic setting 

In this section we define precisely the 'Fock space' F and introduce the operators U, V 
and D as well as the exponential of these operators in order to make sense of ([5]). 

2.1 Functions spaces 

First we define more precisely the space £q of solution of the linear Klein-Gordon equation 
([T]), in particular we describe the topology of this space. For s E M. we define £q +1 by 

: = {(p g C°(R,H s+1 (R n )) nCHK.Ffl"))! Utp + rrPtp = 0}. 

Each map ip E £q +1 is characterized by its Cauchy data [ip]o = ((po,(pi) E -£P +1 (IR™) x 
H s (M. n ) at time t = 0. Indeed one recovers ip from (ipo, fi) through the relation 

where fig and (p>\ are the spatial Fourier transform of respectively Pq and <pi. Note that 
the quantity 

\\p>\\ 2 £s+1 := 11^,011^+1 + ||^(t,-)lllr- 

is independant of t G R. 

Definition 2.1 For eachp EN we let (&) p £q +1 )* be the space of linear applications \f p ) : 
&) p £q +1 := £q +1 ®- ■ -®£o +1 — > R which are continuous, i.e. such that there exists a con- 
stant C > such that Wpi, ■ ■ ■ ,ip p E £q +1 , \\f p )(<fi ® • • •® < Pp)\ < C \ \<pi\\gs+i • • • \ \(p p \ ■ 
We denote by [f p ] the optimal value of C in this inequality, so that we have: 

||/p)(¥>i®---®¥>p)| < [f P ]\Wi\\e^ ■ ■ - WfpWe^i V^i,--- ,ipp££* +1 . (17) 

We let S(&) p £q +1 )* be the subspace of \f p ) E (<S> P £q +1 )* which are symmetric, i.e. for 
all permutation a E & p , 

\fp)(<P<T(i)®---®<P*(p)) = \f P )(<Pi®---® ( Pp), VVi, • • • ,<p p G £q +1 . (18) 
We can now define our 'Fock space': 



Definition 2.2 For any s G E and r G (0, +oo), we let ¥ r be the space of formal series 

oo 

!/> = £!&>' 

p=0 

where each \f p ) G S((££) p £J +:l )* one? sitc/j t/iat t/ie quantity 

oo 

*r(|/» := E ^ ( 19 ) 
p=o 

is finite. Then (F r , 7V r ) is a Banach space. 

Actually we can identify any \f p ) G S((£) p £q +1 )* with a continuous homogeneous polyno- 
mial map of degree p from £q +1 to R by the relation |/ p )(y) := |/ P )(y<8>- • •<£><£>) = I/pH'^®*') 
and hence series |/) G F r with convergent analytic series on B gs +i(0, r), the ball of radius 
r in by the relation 

oo 

!/>(</>) = £l/p> 0^0 ■ 

p=0 

Let us define |0) to be the constant functional over which is equal to 1: 

\0):<pe £ S+1 1 — > 1- 
Then |0) belongs to F r for all r > and iV r (|0» = 1. 

We will also extend the definition ffl9l) to a complex variable z: 

oo 

N z {\f)) ■= Vp\ zP > ^ z such that 1*1 ^ r ' 

p=0 

which gives us, for any fixed |/) G F r , a holomorphic function on the ball l?c(0,r) C C. 
We define, for k G N, 

^ )(I/)):= Z^ (I/))U F ^ ): ={l/) e ^l Ar , (fc) (l/))<+°°}' 

so that for instance N^\\f)) := EJUpL/pK" 1 - We set Foo := n r>0 F r and F pol := 

i\f) = Eplo \f P )\ N <E~N, \f p ) G S((g) p £ s+1 )*}- Note that, using in particular the obvious 
inequality r < R N r (ip) < Nn(ip), we have the dense inclusions 

Vr, R G (0, oo), s.t. r < R, \/k G N, F poi CF M C F^ fc+1) C F^ } CF R C F r . 

Since the space F r is an (infinite dimensional) topological vector space for all r > 0, we 
can consider its topological dual space, denoted by (F r )*. For example we can consider 
the linear form (0| over F r defined by 

(0| : F r 3 \f) i — > (Q\f) :=|/>(0), 



Then one can easily see that (0| belongs to n r> o(F r )* and that we have (0|0) = 1. More 
generally if u belongs to n^ =0 ,iC £ ((t, t), H s+1 ~ e (M. n )) then for t G (t,t) we can consider ip^ t 
the (unique) element of such that [</?[ u ] t ]t = [u] t (i.e. <p[ u ] t is the solution of the linear 
Klein-Gordon equation (Tj[|) with the same Cauchy data at time t as [u] t ). Then since 
||^[«] t ||gg+i = HMtlls+i' we can consider \f)(<f[u] t ) to be the evaluation of the functional 
\f) on (f[ u ] t , for all r > such that r > ||[it]t| | s +i and, for all |/) G F r . This define a linear 
form ([u]t\ over F r : 

Vr > ||[u] t |Ui; ([u} t \ : F r 3 \f) .— > ([u] t \f) := \f){<p Mt ). 

Then ([u) t \ belongs to n r> || Mt || s+1 (F r )*. 

Definition 2.3 For any tq G (0, oo] and any k,£ G N a continuous operator T from 

^[o] ro) to F[J ro) is a family (T P ) 0<r<ro , w/iere, for any r G (0,r ), T r : F^ ] — ► F^ £) zs a 
continuous linear operator with norm ||T r || and suc/i £/iai, Vr, r' G (0,r ) ; if r < r', then 
the restriction ofT r to Fj,, coincides with T r >. Moreover, if X : (0, ro) — > (0, oo) z's a 
locally bounded function, we say that the norm ofT is controlled by X if, Vr G (0, r ), 
||T r || < X(r). 

For simplicity we systematically denote each operator T r by T in the following. In the 
case where ro = oo, we will just write that T is a continuous operator from to 
F W. 

The following result concerns an example of a continuous operator from F^ to F with a 
norm controlled by the constant function H^H^+i. 

Lemma 2.1 Let s G R and ip G £q +1 . Then for any r G (0, oo) and \ f) G the 

S\f) 

Vip t n £ s+iyu,r), 

belongs to ¥ r and 



functional ^ defined by 



V^ G 5^ + i(0,r), J^-^) := X>l/P>ty® V* 

^ P =i 



^(^) <INI^ (1) (i/»- (20) 
Proof — For any y9 G £q +1 we have 

VpGN, lul/p)^®^ 1 )! <^[/ P ]iiV'll^lblp + 1 x- 

C 

Hence if we denote \g) := ^ we deduce that \g p -i] < pW^Ws^Up] an d so 

N * (^) = Efo-d^ 1 ^ EpII^II^I/pI'*" 1 = IMI £ *wv«(|/)). 

\ ^ / p=l p=l 



2.2 Definition of the operators 



Now we define the creation and annihilation operators and derive some basic properties 
from the definitions. 



2.2.1 Creation operators 

For any t G R, 0i G //~ s-1 (IR n ) we define f. \x)4>i{x) G F po ; to be the (linear) functional 



it 

s+1 



x)<h.{x) : S S G 

cp i — > / (p(t, x)(j)i(x)dx, 



which is obviously continuous with N r (f \x)4>i(x)) = r\\<f)i\\ H -s-i, Vr > 0. For example, 
if s > n/2 and <pi = 8g, then f \x)<pi(x) — \x) : ip i — > ip(x), where x = (t,x) (see Lemma 



n 

IA.1I) . Similarly we define, for (fio E H 



^0o(x): — R 

<p i — ► / —(t,x)(f)o(x)dx, 

with N r (j t ^-(f)Q{x)) = r\\(j) \\ H - s , Vr > 0. If we take s > n/2 and </> = 5$, then 

it 9t = '■ V 9 1 — * where x = (t,x). This leads us to the definition of the 

operators 



' i : I/) ^- ( / ) I/) and / — „„ : |/) ^ ( / ^0 o (x) ) |/). 



<%^ u ' ,J 1 \ l dt 



which are clearly continuous operators from F to F with norm controlled by r||</>i||#- a -i 
and r| |(/>o| respectively. Hence, for any ip G and r > 0, we can define 



, dt Jt dt 
2.2.2 Annihilation operators 

For any g G R, k E N, t E M. and for any function v E H q (R. n ) we denote by v^ t G^ the 
distribution on R x R n defined by 

Vx = (x°,f)GR" +1 , v^ k \x):= [ v(y)^(t-x°,y-x)dy. (21) 



dt k 

The various properties of v^ t G^ are derived in Lemma IA.3I They imply that, if u G 
C e {{t_,t),H s+1 ~ e {R n )), then Vt G (t,t), (f^| t ) tt*G (fc) e ^ s+2 " fe ^(R") with the identity 



(22) 



Now, for u G n e=0tl C e {{t,t),H s+1 - e (R n )), we let 

uXg := (u| t ) % t G {1) - W e £ S+1 . 

Note that, alternatively, u (jt G could be defined as the unique element in which 
shares the same Cauchy data at time t as u. Thus we can define operator j t u d 0^ (also 
denoted by U(t)) by the following 

U(t) = / udtf := , f_ r . (23) 
J t 5 (u (ti G 



This operator satisfies the : 

Lemma 2.2 Lei u belong to r\ i=0>1 C e ((t,T), H s+1 ~ e (R n )) then for allt G (t,t), the operator 
U(t) = f t u d (j) 4 given by |Hj) is a continuous operator from to ¥. Moreover the norm 
of U(t) is controlled by the constant \\[u]t\\ s +i (we recall that we have set \\[u\t\\ s +i '■= 

I L , I 1 1 i 1 1 du I 1 1 ) 

iFliUfp+i + \\-Qt\t\\H s J- 

Proof By using (g| we get || (f \ t ) % t G\\ e +n = \\^\t\\^ and || (u\ t ) tf t G«|| £s+1 = 
||w|t||ir«+i, so that \\u% G\\g s +i = \\[u]t\\ s +i- Thus it follows from Lemma [2TT1 that, for all 
t G (t, t) and for all r > 0, J t u d (jf : — ► W r is a well defined bounded operator and 
for all t G (t, t) 

V|/> G F«; iV r (j[«^l/>) < HMt|| s+ iiVW(|/}) (24) 

which completes the proof. ■ 
We now look in which circumstances one can define 

8 



V(t) = - / (□« + m 2 u)^ 



<5((D M + m%)|^G) 
and show that ^(t) = V(t). 

Lemma 2.3 Let u G C°((i, t), H s+1 (R n )) n C 1 ((t,t), iif s (R n )), assume tfiat t/iere exzste 
some J G C°((t, t), # S (M™)) snc/i ^a* 

Du + m 2 u = — J in the distribution sense on (t,t) x M n (25) 

and set 



5 



Then the map 1 1 — > u%tG from (t, t) to £q +1 is of class C 1 and 



(26) 



d 
dt 



uTtG) = (J\ t ) $ t G in St 1 - (27) 



As a consequence we have 

W t ^ r ) = L jr - (28) 

Proof — We only need to show (1271) in the distribution sense: this will imply that ( 1271) 
holds also strongly since [t i — ► ( J\ t ) $ t G] is a continuous map into Thus let X G 

Cg° ((*,*)) and x G lR n+1 and let us compute 

dt X '(t) (uVg) (x) = £ dt X \t) dy(u{t,y)^{t-x°,y-x) 

—r^(t,y)G(t-x°,y-x] 



f dyx'(y°) (u(y)^(y - x) - ^-(y)G(y - x) 

j K n+i \ at at 



where we have set y = (y°,y) = (t,y). Now we observe that, by denoting G x (y) 
G(y-x), 



/ dG x du \ ( d{xu)dG x dud{xG x ) 

Thus by setting ip(y) := x(y°)G x (y) and v{y) := x(y°) u (.y), we obtain 



>t v J JR n + 1 

Now since G x G £q s+1 , i-e. G x is a weak solution of ([1]), we have 



/ d V^^T = I d V fi v ' + m2vG *) = f d VX fVw • VG X + m 2 uG x ) . 

jRn + l at at jRn + l V / jRn + l v / 

Similarly by using ( 1251) and the fact that Vx = 0, we deduce 

/ d y^7^7= f dy(vu-Vi) + m 2 wp + Jip)=f dy X (Vu ■ VG X + m 2 uG x + JG X ) 
J^n+i at at 7k«+i ^ ' ^ ' 

Hence we deduce from (1291) that 

(uVg) [x] = - [ dy X (y )J(y)G(y-x) = - / / dyJ(y)G(y-x). 



Hence (1271) follows. Next, since ( J\t) %G G £q + we deduce from Lemma [27T1 that f J</> 
defined by (I26p is a bounded operator from F^ to F and that relation (l2"7j) implies 



Let us focus now on the definition of O(t) = — f W / (0 > , dcjf)^. We will actually consider 
a more general situation and consider, for sGRan analytical function V 

V : n C H s+1 (R n ) x H s {R n ) — > H s {R n ) 

on a neighbourhood Q C -£P +1 (IR n ) x H s (R n ) of the origin. More precisely we assume that 
there exists a family (V p ) pe N of continuous linear maps V p : <§Z) P (H s+1 (R n ) x H s (R n )) i — > 
iJ s (]R™). We suppose that each V p is symmetric, i.e. satisfies (115)1 . We denote by 
[V p ] the usual norm of Vp, i.e. the optimal constant in the inequality ||V p ($i (8> ■ ■ ■ <8> 
$p)||tf« < [V p ]||$i||h*+i x h* ■ ■ • ||*p||ff«+ixff« (where, for $ = (0 o ,0i) G # s+1 (M n ) x 

1 /2 

iP(R n ), ||$||jf S +i Xj H- s := (H^olltfs+i + | |0i||#*) )• We suppose further that the power 
series [V] defined by 

[V](2):=l> ? ]^ 

<3>0 

has a positive radius of convergence r > 0. Then V$ G if s+1 (IR Tl ) x if s (IR' 1 ) such that 
1 1^1 |f/ s +!xH s < r o the power series V($) := X)p*lo Vp($® p ) converges with respect to the 
H s (R n ) topology and we have 

||V($)||^<[V](||$|| 



Remark 2.1 For s > n/2, since H s (R n ) is a Banach algebra (see Lemma the 
previous hypothesis is satisfied by any functional V such that there exists a polynomial 
function or an analytic function W : ui C R n+2 — ► R on an open neighborhood of in 
W* 1 such that V$ = (0 O , fa) G H s+1 (R n ) x H s (R n ), V($) = Wfa, §£, ■ ■ ■ , 0, 0i). 

Given such a functional V, for all £ G K and </? G £q +1 such that H^HgH-i < r o the function 
V([</?]t) is well defined and belongs to H s (R n ). So by using Lemma IA.3I we deduce that 
V([</?]t)tiiCr belongs to £q +1 and we can define 

which means that, for all for all r G (0, ro) and |/) G F n (J t V(0 I> )0 <1 ) |/) is defined by 

Lemma 2.4 T7ie operator r t V(0 l> )0 <l a continuous operator from F(o ro ) ^° ^(°> r o) anc ^ 
zts norm is controlled by [V](r) ie. 

WG(0,r ), V|/)GFW, iV r (jvm<t>V)) < [V](r)iV«(|/)). (30) 



Proof — Consider r G (0,r ) and let |/) G ¥ po i and write | /)(</?) = £^ =1 and 
|^) : = J t V(0 > )0 < |/). Then, VV G £ S+1 such that \ \f\\ £ s+i < r we know that V([<p] t ) is well 
defined and 

TV oo oo 

= EE^> ((H(MDtttC) ® v^- 1 ) = E^ fe ), 

p=l g=0 fc=0 

where we have set k = q + p — 1 and 

sup(iV,fc+l) 

flkfa 8 *) := E P\fp) ((V k - P+ I([<p]? k - P+ %G) ® y^ 1 ) • 
P =i 

However 

sup(iV,fc+l) 

k(Ol< E pI/dllv^iCMf^^MUH-ilbll^ (3i) 
p=i 

and since, by using Lemma [A. 31 

||v^ +1 (Mf- p+1 )tt^|| £s+1 < ||v fe _ p+1 (Mf- p+1 )||^ 

< [v fe - P+1 ]||Mt||^ Hs 

= [V fc - P+ i]|kH^ +1 , 

we deduce from ( 13T]) that 

sup(iV,fc+l) 



k(Oi< E M/ P ][v fc - P+ i]ii^n 



k 



Hence, by posing g = /c — p + 1, 

oo oo sup(A r ,fc+l) 

N r (\g)) = E p[fp\[Vk- P+ i} 

k=0 k=Q p=l 

oo N 

= EEP^^rV^- 1 = [V](r)iV«(|/». 

g =0 p=l 

Thus we obtain ( 1301) for |/) G F po ;. It implies the result by using the density of F po ; in 
F« ■ 



3 Time ordered and ordinary exponentials of opera- 
tors 



The goal of this section is, given t > 0, to define rigorously the time ordered exponential 
Texp ^J '<isD(s)j for a family (B(s)) s6 [ 0j t] of continuous operators D(s) from F^^ to 

F (o.ro )• Our motivation is to use later on this construction with D(s) = — f V ((ff, 0^. 
We introduce the following notation: 

for alH > 0, > dsi ■ ■ ■ ds^ :— / dsi---dsk 

Jo J0>S!> ->s k >t 

and we write 

Texpf [ dsB(s)) :=^2^ ds 1 ---ds k B{s 1 )B(s 2 )---B{s k ). (32) 
\Jo J fc > Jo 

3.1 The main result 

Theorem 3.1 Let (B(s)) s6 [o,t] be a family of continuous operators from fS^ to F(o, ro ) 

suci tiat for any r G (0,r ) and any |/) G F^, [s i — ► B(s)|/)] belongs to I/QO, f], F r ). 
Assume that there exists an analytic function X(z) on the disc Bc(0,r ) of the complex 
plane which satisfies ^^\ z=0 > for all k G N and which controls the norm of B(s) for 
all s G [0, t}. In other words assume that Vr G (0, r ), 

Vs G [0,t], V|/> G F« iV r (B( S )|/» < X(r)iVW(|/», (33) 

Let (t, z) i — > e~* x (z) := 7(t, z) be tie solution of 

7(0, z) = 



Tien for all t > and r G (0,r ) sucb that e * x (r) > 0, the operator Texp f J Q * dsl}(s)\ 
defined by ( f32|) is a bounded operator from ¥ r to ¥ e -tx^ with norm less than 1 i.e. 



V|/) G F r , iV e -tx (r ) jrexp Qf dsi 



\f) < N r {\f)). (34) 



Moreover the map [0,t] — > W e -txr r \, r i — ► Texp dsB(s)) is continuous. 
Proof — (of theorem 13. ip 

Since F po ; is dense in F r it suffices to show the result of |/) G ¥ po i, then the result for 
|/) 6 F r will be a consequence of ( 1341) . The proof is divided in several steps which are 



proved in the following. 

Step 1 — We estimate the norm in F r of 

-t 

ds 1 ---ds k B(s 1 )B(s 2 )---B(s k )\f), if \f) e¥ pol . 

o 

Lemma 3.1 Let r > and k G N* and assume that, for each a = 1, • • • , k, there exists 
a linear operator D a : F po ; — > ¥ r and an analytic vector field on Bc(0, ro) with r$ > r 

ri °° ri 

X a = X a (z)— := $^a, P ^, for zeC 

p=0 

(so the power series Y^=o X a , P z p converges for all z G C s.t. \z\ < r ), such that X a ^ p > 0, 
Vp G N and 

V|/> G F poi , N r (B a \f)) < X a ■ N z (\f))\ z=r = X a (r)N^{\f)). (35) 

Then 

y\f}e¥ pol , iV r (Di •••©*!/)) < [Xi---Xft-iV*(|/))]U=r. (36) 
Proof — (of lemma 13.11) 

We first observe that, by linearity, it suffices to prove the (1361) for an arbitrary monomial 
functional |/) G ¥ po i of degree j G N, i.e. a functional of the type \fj)(<p) = l//)^® 3 ') 
where G S((g) J £ s+1 )*. Then 

oo 

G s.t. Il^ll^ < r; DJ/^) = ^W/i))^^ 1 ), 

p=0 

where, Vp G N, (DJ^))^^! G 1 S((g) i+p_1 ^ S+1 )* and ([33]) reads 

Pal/*) Wi] < for X a , p > 0. (37) 

However, still by linearity, we can further reduce the proof of (1371) =>- fl36|) for |/) = \fj) to 
the case where, Va = 1, • - • , fc, there exists some p a G N such that X a (z) = X a ^ a z Pa 4- = 
X a z pa £, with A a > 0, i.e. B a \fj) : cp i— > (B tt |/;> W-ifa®^ -1 ), with the estimate 
[( D a|/i))i+ Pa -i] < j'AaL/j-]. Then, by writing p' a := p a - 1, 

(Pi ■ ■ -Dfcl/i)) M = (Bi • • -B.l/i) W 1+ ... M (^' + ^ + - + ^), 

for some (Di ■ ■ -Ofcl/,-)) - +p / + ... +p / G S((g) i+p ' 1+ "' +p ' fc £ S+1 )*. On the one hand one proves 
recursively that 



[(©!••• D fc |/,» J+p , + ... +p , ] < Xx(j +p' 2 + ■ ■ ■ + P ' k )[(B 2 ■ ■ • D fe |/,» j+p , + ... +p , ] 

< • • • 

< Ax • • • A*0' +P2 + • • • +P' k ) ■ ■ ■ U + P'kWil 



On the other hand we have also 

(\i&£)--'(\k*>£)N,(\f j )) = lfj](^ pl i)---(^ zPk i)z j 

= Ai • • • A fe (j + p' 2 + ■ ■ ■ + p' k ) ■ ■ ■ (j + p' k )jz^+-+^. 
Hence Inequality fl36l) follows directly from a comparison of the two results. ■ 



We consider the holomorphic vector field on the disc 5c (0, Tq) of the complex plane defined 
by X(z)4z which we denote by X. Then condition (1331) of the theorem reads 

Vs G [Q,t], V|/> G F« N r (B(s)\f)) < X ■ N z (\f))\ z=r . 

We can now apply the previous lemma to operator D(s) and, by using Jj> dsi ■ ■ ■ ds k = |r, 
we complete our first step with the: 

Corollary 3.1 Assume that the hypotheses of theorem \3 . 1\ are satisfied. Then\/\f) G ¥ po i, 
Vr>0, N r U ds 1 ---ds k B(s l )B(s 2 )---B(s k )\f)] <yX k -N z (\f))\ z=r . (38) 



Proof - - Indeed Inequality ( |38l) is a straightforward consequence of Lemma 13.11 with 
D a = D(s a ) and X a = X. (Note that ([38]) can then extended to |/) G Fl fc) by density of 



F™, in Fi fc) 



S'tep # - - We prove some results on the vector field X on the complex plane. In the 
following, for T, R > 0, we denote by 5(0, T) := {r G C| |r| < T} and 5(0, R) := {z G 
C| \z\ < R}. 

Lemma 3.2 Let X : 5c(0,ro) i — > C be an holomorphic vector held different from 0. 
Assume that 



X(z) = x kZ k , where X k > 0, VA; G N. 



fc=0 



Let R G (0, r ) and T > such that e (5) exists. Then the flow map 

5(0, T) x 5(0, R) — ► C 

(t,z) ,— > e^(z) 

is dehned on B(0, T) x 5(0, 5) and in particular 

V(v)G5(0,T)xB(0,fi), |e TX (z)| < e |T|x (|^|) < e TX (i?). (39) 

Proof — (of lemma 13.21) 

We will first show that (r, z) \ — > e rX {z) is defined and satisfies (EI) over 5(0, T) x5(0, 5), 
where 5(0, T) := {r G C| |r| < T} and 5(0,5) := {z G C| |*| < R}. Fix some 
z G 5(0,5) and r G 5(0, T). Then 3e > s.t. Ve G (0,e ], 

T 

Izl < 5-£ and \t\ < T F : 



£ l + s 

We also let A 6 5 1 C C such that r = |r|A, where < |r| < T £ . We introduce the 
notations: 

e t(i+*)*(|3| +e ) vt G [0,T e ] 
e tAX (z) Vte[o,t) 
|7(*)I Wg[0,£) 




where t is the positive maximal existence time for 7. Note that f e is defined on [0, T e ] 
because of the assumption that e TX (R) exists. Our first task is to show that the set: 

A £ := {t G [0,T e ] n [0,t}\ g(t) - f £ (t) > 0} 

is actually empty. Let us prove it by contradiction and assume that A £ 7^ 0. Then there 
exists to : = inf A e . Note that g(0) — / e (0) = — e < 0, hence we deduce from the continuity 
of g — f £ that t 7^ and g(t ) = f £ (to). Moreover since / e (0) = e and f £ is increasing 
because X(r) > for r > we certainly have g(t Q ) = f £ (to) > 0. We now observe that 



OO 



' ' \ fc=0 ' ' / fc=0 

Hence for all t > s.t. g(t) ^ 0, 

and hence in particular, since g(to) 7^ 0, 

Sftto) < X(g(t )) = X(f £ (t )) = |M < f M . 

Thus since f' £ — g' is continuous Bt\ G (0, t ) s.t. Vt G [ti, to]) /e(0 — 9'if) ^ 0- Integrating 
this inequality over [ti,t ] we obtain 

gih) - / £ (ti) = (/ £ (t ) - ^(t )) - (/ £ (ti) - g(h)) = I'" U"e(t) - 9'(t)) dt > 0, 

Jtl 

i.e. ti G v4 e , a contradiction. 



Hence A e = 0. Note that this implies automatically that t > T £ . Indeed if we had t < T £ 
this would imply that g is not bounded in [0, t) C [0, T £ ], but since f £ is bounded on [0, T £ ] 
we could then find some time t G [0,t) s.t. g(t) > / e (t), which would contradict the fact 
that A £ = 0. Thus we deduce that Vt G [0, T e ], g(t) < f £ (t), i.e. 

Vt G [0,T e ], |e A ' x (^)| < e il+£ ^ tx {\z\ +e). 

In other words for all r = At G 5(0, T) and all z G B(0,R) we found that G (0, £0], 
|e TX (^)| < e^ 1+e ^ T ' x (|2;| +e). Letting e goes to 0, we deduce the estimate (|39l) for (t, z) G 
5(0, T) x 5(0, 5). Lastly this estimate forbids the flow to blow up on 5(0, T) x 5(0, 5). 
Hence the result and (139|) can be extended to this domain by continuity. ■ 

We now consider any r G (0, ro) and we let 8(r) to be the maximal positive time of 
existence for t 1 — > e~ tx (r). (We remark that, if X(0) = 0, then 9{r) = +00, Vr > 0.) 
Then we have obviously that Vt G [0,9(r)), e tx ((e~' x (r)) exists since it is nothing but 



r. Hence we can apply Lemma 13.21 with (T,R) = (t,e tx [r)). It implies that, for any 
holomorphic function h on the closed disc -8(0, r) of the complex plane, the map 



B(0,t) x B(0,e- tx (r)) 
(r,z) 



C 

h(e TX (z)) 



is well defined and is analytic. Hence the following expansion holds: 

V(r,z) G 5(0, t) x B(0,e- tx (r)), h {f x {z)) = £ _ [fc ( e -*(*))] | s=0 

k=o \ s * 

However because of the following identity 

d k 



T 



(40) 



(d s y 



[h(e sX {z))]={X k .h){e sX {z)) 



(which can be proved by recursion over k), we deduce from (14*01 that 

00 u 

V(r,z) G B(0,t) x B(0,e- tx (r)), h (e^ x {z)) = ^(X fc ■ h){z) T -. 

k=0 

By specializing this relation to (r,z) = (t,e~ tx (r)) we deduce that the power series 
XlfcLo fr(^ fc ' h)(e~ tx (r)) is absolutely convergent and satisfies the identity 



X1 t k 



Hr) = Y,^X k -h){e- tx {r)). 



k=0 



(41) 



Step 3 — We complete the proof of the Theorem. We prove the estimate f[34|) . By first 
applying (jHSj) for some |/) G F pol , we have 



00 

k=0 



ds x ---ds k D(si)D(s 2 )-.-D(s fc )|/) 



L/0 



00 ^. 



fc=0 



But using then fj4T|) with /i(z) = N z {\f)) we obtain 



V|/)GF poi , £^(X*-JV,(|/>))| 



fc=0 



\z=e~ tx (r) 



Nr(\f)). 



Hence the series Texp ( f Q <isD(s) ] |/) converges in ¥ e -tx^ and we have the estimate 



a 



Texp / dsB(s) I/) 



< ?w>). 



d Sl ---ds k B( Sl )B(s 2 ) ■ ■ -B(s k )\f) 



So (|34|) follows by density of ¥ po i in F r . Let us prove the last part of the theorem. Let 
r G [0, t], then for all s G [0, t] we have 

Te r ^)\ f ) _ Te io *tdM|/) = ^ T d<rD(tr) ^ dfi . . . dtfeD(tl) . . .D( tfe )|/). 



fc>0 

Hence using the same computations as above we get 



Te f T ^)\ f) _ Te fod*B(v)\ f) < \ s _ r \y2-x k+1 -N z (\f))\ z=1 

k>0 

which tends to when s — > r. ■ 

As a direct consequence of theorem 13.11 a similar result holds for the ordinary expo- 
nential of a linear operator from F/q r n to F( . ro ) as follows. 

Corollary 3.2 Let T be a continuous operator from F/j^ , to F(o, ro ) ^t/i norm controlled 

by an holomorphic function X on Bc(0,r ) such that for all k > 0, ^0-\ z=o > 0. Then 
for all r G (0,r ) and a > suc/i £/ia£ e _crX (r) > f/ie operator 

is well-defined, continuous and satisfies 

V|/> G F r , iV e - CT x (r) (e CTT |/)) < jV r (|/)). 



Proof - - Just take D(s) = T for all s G [0, er] in theorem 13.11 then in this case the 
times order exponential reduces to the usual exponential since for all k G N we have 
^ ^ ^ ds\ ■ ■ ■ dsu = -ko~ k - • 

3.2 Applications of the main result 

Let u belong to n i=0>1 C e {(t, t), H s+1 ~ l (R n )) then we can apply Corollary O to U(t) : = 
j t u d (p^ and we obtain the: 

Corollary 3.3 Lett<E (t,t) and k := \ \u\t\\H a + 1 + \\^\t\\H s — HMt||s+i then the following 
linear operator is well-defined and bounded 

e m : F r — > F r _ K , /or r > «; 

and satisfies the estimate 

V|/)GF n iV r _ K (e u «|/))<iV r (|/)). (42) 
Moreover, V|/) G F r , we /iai>e i/ie identity: Vy? G £q +1 s.i IMI^+i < r — k 

(e m \f))(<p) = \f)(<P + uVG) (43) 



In particular if we take <p = in (1431) we get 

\/r>n; V|/) G F r ; <0|e u ^|/> = |/> (V^) , (44) 

which is exactly ([w]t|/) since u % G is the element <£>r„] t of sucn that = 
Hence we finally get 

(o\e m = (Mt\ef)(F r y. 

r>K 

Proof — Let U denote temporarily the operator U(i) (here t is fixed). The existence of 
e u and the estimate (H2j) follow from Theorem 13.21 with respectively T = U and X(r) — k 
(because of (123]) )■ To prove the identities (H31) for (e u |/)) (</>) let us consider |/) = |/ p ) G 
S'(0 p ^o +1 )*, then using the definition of U we have Vy2 G 



e U |/ P )M = + ® ^ (p " fc) ) (45) 



fc=0 



which is exactly \f p ) ((<f + u (j t G)® p j since |/ p ) is symmetric. Then let r > ft, if one 
takes ip G £q +1 such that IMI^+i < r — k, then using properties of u% t G we have 
+ m Hi < r. So if |/) = J2 P \fp) belongs to F r then thanks to (H5l) we have 

e v \f) = E eU i/ P ) = E i/p> (fa + u Vcr p ) 

p>0 p 

which leads to (1431 since ||<£> + u % t G|| £ h-i < r and |/) G F r . ■ 

As a byproduct of this section we apply Theorem 13 .11 to the family of operator D(s) : = 
-/ ( V(f)^ s G [0,t] withX(z) := [V](z) := £ ? > IV,]**. Let (t, 2) 1 — ► e~ tx (z) denotes 
the solution of 

^L(t,z) = -[v]( 7 (M)) 

7(0,2) = z. 

Then for all r G (0, r ) such that e~ tx (r) > the time ordered exponential 

Texp f- dsB(s)^j : F r — ► F e -ut (r) 
is a bounded operator with norm less than 1. 



Conclusion — Now we can inspect in which circumstances it is possible to make sense 
of formula (fTUl) . i.e. to define 

J?[u] t := ([u] t \Texp (£dsB(a)\ J^*i?<p\0), (46) 



where we recall that ([u] t \ = (0|e u ^. For all r G (0,r ) such that e tx (r) > 0, Texp J* dsB)(s) 
maps F r to ¥ e -txr r ) and, if furthermore e~ tx {r) — n > (where k = ||[w] t || s+ i as in Corol- 
lary [373]), e U( ^ maps F e -tx( r ) to F e -tx( r )_ re . Hence we deduce that 

if e~ tx (r) > k, e uw o Texp (J dsB{s)\ maps continuously F r to ¥ e -tx {r) _ K . (47) 

Now recall that ^(ff d ip\0) G F po ; C n r >oF r . Thus its image by the operator in fj47l) 
makes sense and belongs to n re (o jro )F e -tx( r )_ K if there exists r G (0, r ) such that e~ tx {r) > 
k. Then Tf\u\t is obtained by evaluating this image on (0|. Hence a necessary and 
sufficient condition to define Ti\u\ t through (1461) is is that there exists some 
r G (0,r ) such that e~ tx {r) > n, which, since e tx is monotone increasing on 
(0, oo), is equivalent to the condition: 

e tx («) = e tx (\\[u) t \\ s+1 ) < oo. (48) 



4 Conserved quantities 

In this section we show that J : f\u\ t given by (jSJ) does not depends on £ if u satisfies 
(□ + m 2 )u + V(u, = in the distribution sense. Actually we prove a more general 
result: assuming some condition on u and r we show that for any |/) G F r the quantity 

(HlTexp f^dsB(s)) \f) 

does not depend on time. We recover J-"t\ u ]t by taking |/) = 1/^,) G ¥ po i defined by (J6j). 
Theorem 10.11 follows by choosing s > n/2 and V to be a local functional (see Remark |2. II) . 



Theorem 4.1 Consider u G C°((t, i), H s+1 (R n )) n C l ({t, t), H s (R n )) and suppose that 

sup e iX (||H|| s+1 ) <r . (49) 
te(t,f) 

Let r G (0,r ) be such that sup te ^ e tx {\ \ [u] t \ \ s +i) < r , then for all \ f) G F r the quantity 
a(t) := (0|exp (^^) Texp (- J* ds jv ^) l/> (50) 

is well defined. Moreover if u satisfies (□ + m 2 )u + V(u, |^) — in the distribution sense, 
then a(t) does not depend on t G (t,t). 

Proof - - Let |/) belong to F, r and consider the function a : (t,t) — ► M defined by 
f l50|) . Since we have supposed condition (j4"9"|) the results of the previous section imply 



that a is well defined. Now we will show that, if 3 J G C°((t, t), fP +1 (R n )) such that 
□w + m?u + J = in the distribution sense, a admits a derivative and Vt G (t, t) 



<*'(*) = <0| jf[(J-V([«] t )]^«p UudpjTexpl-J Jv^^Jpjlf). 

(51) 

Hence if J = V([tt]t) we deduce a'(t) = which completes the proof of the theorem. 

Let us recall some notations : for all r G R we denote by D(r), U(r) and V(r) the 
operators 

^ (V. ¥1 ^! U(t) := / u*0>; V(r) := / J0«; ([u] T | := (0|e u «. 



' dt 



Then thanks to Lemma 12.31 we know that = V(r), and Corollary 13.31 shows that 



= \d)( u ttt C)- Using these notations a(t) just reads ([u] t |Texp ( J Q dsB(s)J \ f). 

For all t G (i, i) and for all r > we denote by R u ,t{ r ) the quantity 

R u ,t( r ) '=r- ||[w]t||«+i> 
so if r G (0, r ) satisfies sup t6 ^ e tx {\ \ [u] t \ \ s +i) < r then we have R U)t (e~ tx (r)) > for all 
t G (i, £). Let fix t G (£, £) then using the continuity of (t,r) i — > R u ,t(r) and e~ <x (r) we 
get : 

• There exists r' > such that < r' < r and -R Mi t(e~* x (r')) > 0. 

• Since < r' < r we have e~* x (r) > e~ tx (r') hence we can find e' > such that for 
all h G R s.t. < 4 we have e ~^ t+h)x {r) > e~ tx {r'). 

• We have R U} t{e~ tx (r')) > 0, so we can take 7' > satisfying < 7' < e~ tx (r') and 
Ru,t{l') > and then there exists £g > such that for all /1 G R s.t. < e'q we 
have Rut+hil') > 0. 

Finally we set Eq = min(£o,£g) and we have for all \h\ < £0, e~^ t+h ' x {r) > e~ tx (r') > 7' 
and R u ,t+h(l') > which ensures that for all \h\ < e 

Texp (^J dsD(s)^ |/) G F e -( t+ /ox(r) C F e -*x (r /) C Fy, 

and belongs to F*,. So for all \h\ < e we can decompose (a(t + h) — a(t))/h in the 
following way 

i(a(* + /0-a(*)) = (/)/» + (I/)h 
where (J)/, and (iT)h is defined by 

(J), :=i [<[ u ] t+fc | - (M t |]Texp C f t+ dsB(s)\ \f) 



{H) h :=<M t |~ 



Texp ^ rfsD(s)^ - Texp Qf rfsD(s) ) |/) 



Lemma 4.1 Let 7" > 7' then we have the following limit with respect to the F*„ topology 

limi((M, + ,|-(H|) = (H|V(t). 

Proof — Let \g) belong to Fy and we write \g) := ^ p>0 \g p ) where for all p G N, \g p ) G 
S(<S> P £q +1 )*. We denote temporarily by A(t) and B{t) the functions defined by 

A(t):=uXG and B(t) := (J\ t %G. 
Then using identity fj4*3l) we get for all p G N* 



1=0 ^ 



On the other hand we have {[u] t \Y(t)\g p ) = p\g p ) (B(t) ® A(t)^-^). So since is 
symmetric we can write 

p-i 



(M*iv(t)ift,> = x; 1*) w ® ^ + *o* ® A(t)®^- 1 -')) 

Z=0 

p-1 i-1 

+ X 2 ® w + h )- A ^)) ® A ( f + h )® k ® A{t)®^- 2 - k y) 



1=0 fe=o 

Then these two identities lead to the following estimation 



([u 



t+h\ 



(M 



h 



\9 P ) 



< 



A(h) 



p-i 



-B(t) 1 \ sr feJ 1 1^ I l^r 1 



1=0 



p-1 l-l 



+ 



-2-k 



1=0 k=0 



where A(h) denotes the function A(h) := A(t + h) — A(t). But for all \h\ < Eq we know 
that R u j+h(l') > hence we have \\A(t + h)\\ £ s+i < 7'. So by summing the previous 
estimation for all p G N and using the fact that \g) G Fy we finally get 



([u 



t+h\ 



h 



<M*|v(t) 



l<?> 



< 



,A(/i) 



+ -||A(/ i )||^ +1 || J B(t)||^ +1 iV^ ) (|^)). 

Consider 7" > 7' then we have the continuous injection Fy C Fy/ for all fceN. Hence 

there exists fi, v > such that iVy' ) < /iiVy/ and iVy "* < vNyi . Moreover since Fy is dense 
in Fy/ we finally get that for all \h\ < Eq 



([u 



t+h\ 



(N 



<N*|V(*) 



< 



11 



¥*, 



A(h) 



h 



B(t) 



+ v'\\A(h)\\ 



£3+1, 



where v' denotes v' := u\\B(t)\\ e s+i. But u G n^=o,i,2^((t, t), H 8+2 ~ £ (M. n )), so lemma[Aj 
ensures that we have the following limits with respect to £q +1 topology : 

lim M = lim \ [A(t + h)- A(t)} = Bit), 

which completes the proof. ■ 

Let us take 7" = e~ tx (r') > 7' in lemma |4~T| then thanks to theorem 13.11 we know that 
h 1 — > T exp ^ J Q t+/l dsD(s)J |/) is continuous from (t — Eo, t + e ) to T e -tx( r /), so we get 

lim(/) ft = (H|V(t)Texp H dsB(s)^ \ f). (52) 



Lemma 4.2 Consider G ^ e swc/i i/jat ||<^|| f s+i < 7' £/ien Texp (J T <isO(s)) \f)(<p) 
admits derivative with respect to r for r = t and we have 



d 



(Texp QTtfcDOo) |/>(^ = D(i)Texp Qf dsB(a)) 



Proof — Notice that we have chosen 7' such that T exp (J T (isD(s)) I/) belongs to Fy for 
all r G (t - e ,t + e ). Let |v(r)> denotes \v(t)) := Texp (/ T dsO(s)) |/) G Fy. Then 
using definition of the ordered exponential we have for all \h\ < Eq 

i(K* + /*)> - |«(f)»(¥>) = lJ t t+h drB(r)\v(T))( V ). 

Let us write |v(r)> = E P >o M r )> where for a11 P e N, \v p {r)) G S((g) p £ S+1 )*. Then for 
all p G N* we have 

1 pt+h 1 pt+h 

' dTS»{T)\v(T)){<p) = - / dTp|tv(r)> ((V(M T )|t T G) ® • 



hJt ' ' ' /' .// 

But we know that r 1 — > [ip] T G H s+1 x if s and V are continuous so that the map 
t 1 — > V([(p] T ) G H s is continuous. Finally lemma IA731 and theorem 13.11 gives respectively 
that r 1 — > V([</9] T )tl T G ! G and r 1 — ► \v(r)) are continous. So we finally get that for 
all peW 



1 



t+h 



lim- J drB(T)\v(r))(<p) = B(t)\v p (t)) . 

On the other hand, using properties of operator D(r) we have 

\p\v p (t)) {(y(Mr%G) ® ip*<r-V)\ < [V] (t')^K (^)] 1 1 ^ 1 1 

so since H^H^+i < 7' and |f p (r)) is continuous from (t — £o,t + e ) to Fy we can apply 
Lebesgue theorem in order to conclude. ■ 



Using identity (fl3l we get the following expression for (II) f 



< /7 >* = h 



t+h 



Texp / dsB(s) -Texp / dsB(s 



!/>(« tit G). 



Thus since we have Hw^GUgs+i < 7' we can take (p = u$ t G in lemma H~2l and we get 



h-M) 



\im(II) h = D(t)Texp / dsB(s) \f)(u (fe G). 



Let us denote by \w) = J2 p >o \ w p) ^ e e l emen t \w) := Texp ^ J Q * dsO(s)j |/) of Fy, as 
usual we assume that for all p e N, \w p ) belongs to S((g)% s+1 )*. Then using definition 
of D(i) the previous limit reads 

B(t)\w)(uVG) = -J>K> ([ V ([^G]*)] ti*G® (uXGf^) . 



p>0 



But directly from the definition of G we see that [u (j t G] t = (u| t , =: So the 

right hand side of the previous identity reads 



p>0 



V([u} t )r\w)(u k G). 



So using (fl3l . we finally get 

lim(I/) fc = -([«] 



v(N*)0 < 



Texp Q dsB(s)^ \f) 



which together with (1521) and lemma [2731 leads to (I5TI) . 



5 Generalization to systems of PDEs 

The previous construction can be adapted without difficulty for systems of PDE. More 
precisely, given q G N* we consider a system of PDE which reads 

— - Am + m 2 u + W(u, Vu) = (53) 
at 2 

where u = (u , . . . , u q ) denotes a function u : M — > and F an analytic function 
W = (W 1 , W q ) : (R x M n+1 ) 9 — > IR 9 . Then we want to define an analogue of (ED for 

dSSD. 



In the heuristic presentation of Section [T] it suffices to replace the formal algebra A 
by A g spanned over K by the symbols (</>^(x), <f>j(y))x,yeM; i,je{i,ql which satisfy properties 
analogous to (i), (ii) and (hi). More precisely we suppose that these symbols satisfy 

\/x,yeM, Vi,je[l,g]; [^(y), = - x), (54) 

Wx,yeM, Vi,i'e[l,g]; [^(y), <fc(x)] = [tf(y), = 0, (55) 

and 4>\{x), (f)1j(x) depend smoothly on x and 0$ + m 2 ^ = and + m 2 0^ = 0. 
Moreover we suppose the existence of two representations F and F* and two elements 
|0) and (0| belonging respectively to F and F* such that Vy E M, Vj E [l,g], Vx E M, 
Vie[l,g], 

<f> < j (y)\0) = ; (0\tf(x) = ; (0|0) = 1. 

So in the case where q = 1 we just recover the algebra ^4 considered previously. Then, 
given an element |/) of F we consider the quantity J-"f[u] t equal to 




u(y) 



yO=t 



dy° 



\y)\dy) Texp (- [ 

J J \ J0<z0<t 



\{F(f(z))\r(z)}dz) \f), (56) 



u(y) ° 



dy c 



i=i 

q 



dy c 



i=i 

Then (I56p is the analogue of (j^D for system (1531) . Indeed using the formal computations 
we have done for the case q — 1, it is very easy to see that formally Tf[u]t given by fl56l) 
does not depend on t if u satisfies f l53l . 

In order to give a rigorous meaning to fl56|) . we let, for s > n/2, H s (M. n ,M. q ) to be the 
space of vector valued functions / : W 1 — > 1R 9 such that (m 2 + |C| 2 ) S ^ 2 |/(C)I belongs to 
L 2 (R n ). Then we set 

: = e C°(M,iJ s+1 (M n ,M 9 )) nC 1 (M,i/ s (M n ,M' 2 ))| Dip + m 2 tp = 0}. 

The definition of the 'Fock space' F r follows then the same line as in Section [2j The 
creation operators 4>^{x) acting on F r , for x E M and j E [1, qj are just defined as: 

<%(x) :\f) e¥ R ^\x¥\f) eW R 

where \xY denote the functional \x)i : cp E £q +1 i — > V 9 ' ? ( a; ) which is well defined since 
s > n/2 (here (p q denote the components of (p). The idea for defining the 

annihiliation operators 4>j(y) is to set, for |/) = J2 P >o \ fp) e 

00 

Vy? E £ S+1 ; ($(y)) fo>) := £p|/ p ) ((]>,) ® ® ■ ■ ■ ® <p) 

P =i 



where ej denotes the j—th. vector of the canonical basis of IR 9 . Again this definition is 
inconsistant since we know that T y does not belong to £q +1 if s > n/2. However by 
using the same constructions as in Section [2] there are no difficulties to define the smeared 
versions of these operators: 

/ f(y)<f>](v)dy or / W 3 (<f{z))$(z)dz. 

Jy°=0 J0<z°<t 

One can adapt the previous results in order to make sense of fl56|) and to extend Theorem 
10. II to this situation. 

An example of application is the wave equation for maps u from IR n+1 to the sphere 
S q C M. q+1 . These are the maps into M. q+1 which satisfy the pointwise contraint \u\ 2 = 1 
and the wave map equation 

Du+ (j^l 2 - |Vw| 2 ^ u = 0, 
and our result applies to it with W(u, Viz) = ( |§|| 2 — |Vu| 2 ) u — m 2 u. 



A Appendix 

A.l Some results about the space H s (M. n ), for s > n/2 
Lemma A.l Assume that s > n/2. Then for any function ip G H s (W n ), 

IMIiac < =^ 11^1^1 < -j=^I(n,m,s)\\<f\\ H s, (57) 

\/2ii \/2ti 



where (p is the Fourier transform of ip and 

,(n, m, .) == (I = m .-^i (f " 2 



Moreover H s (R n ) C C 



Note that I{n,m,s) < m^-'VFlJ^. Moreover IS" 1 " 1 ] = 2j^y. 

Proof - - The inequality < 1 |y?| |li is straightforward, hence it suffices to 

estimate ||^||n in terms of This follows by using the Cauchy-Schwarz inequality 



M*= I (e(0 S \m\)-§T s <\\^\\LH f e(0- 2s dt=\M H sI(n,m,s). 



But by using spherical coordinates on M. n : 

poo n-lj poo fn-lJf 

Un,m,s? = \S n - l \ , \ = \S n - 1 \m n - 2a ' 



o (m 2 + r 2 ) s 1 1 J (l + t 2 ) s ' 

where we have posed t = r/m. So ( |57l) follows. Then one can deduce that all functions 
in H s (W l ) are continuous by using the density of smooth maps in H s (W l ) and (I57j) . 

Lemma A. 2 Assume that s > n/2. Then for any functions ip,ip 6 if^M") t/ie product 
(pip belongs to H s (W a ) and 

\\<f»J>\\H> < 2 s I{n,m,s)\\cp\\ H s\\ip\\H°. (58) 
Hence (H s (R. n ), +, ■) is an algebra. ■ 



Proof — Since (pip — <fi * i>> we have 



\e(o s ¥>m\ = m s 



<<0 S / \$(t-ri)\ \Hv)\dV- (59) 



But by the triangular inequality: 

e(0 = V( m + 0) 2 + |(f -r?) + ??| 2 < v^ 2 + |£ - r/| 2 + v/0 2 + |r/| 2 < e (f - 77) + efa) 
and hence 

e(0 S < 2 s - 1 (e(e - r/) s + e^) . 
By using this in fl59l) we obtain 

|e(0V5(0l < 2 s " 1 Ln m~v)\ mv)\{^-v) s + <v) s )dr, 

= 2- 1 (7 Rn e (e - vrmz - ^)i ife)i + j v ec^^i^ce - ^ ife)i 

= 2- 1 (( e ^|)*H(0 + l^l*(^H)(0)- 



We now deduce by using Young's inequality || / * g\\ L2 < ||/||l 2 ||5 , ||l 1 that 

IkV'll^ = \\e s (pip\\L* 

< 2- i r||( e ^|)*HII L2 + lll^l*(e s H)|U 2 ) 

< 2 s - 1 M| e ^|| L2 ||^|| L1 + ||^|| L i|| e ^|| L2 ) 
= 2 s - 1 [\\<p\\ Ha \$\\ L i + \\ip\\ L i 



But because of Lemma I A. II we deduce that 



h* < 2 s 1 (|M|W(n,m,s)||V>||^ +I{n,m, s)\\(p\\ H s\\^\\ H s) = 2 s I(n,m,s)\\<p\\ H '\\ip\\H° 



Hence Lemma IA.2I is proved. 



A. 2 About the operator v i — > v^ t G^ k > 

For any r£R, k E N, t 6 K and for any function v E H r (W l ) the definition of v%G^ k > 
given by (I2T1) is equivalent to: V(x°, x) E R n+1 , v^ t G^(x°, x) = v(x) * gl_ x o, where 
g\ k \x) := ^jf(t,x). This is indeed a consequence of g[ k \—x) = g[ k \x). Alternatively, 
since the spatial Fourier transform of is 



d k G 



v 



can be defined through its spatial Fourier transform v * g._ — y/2ir vg,_ : 

v%0&{x°,£) = Re Uk-i e (£)k-i e ie(m-x°)^ (60) 



Lemma A.3 Let r G R, M E N and u G F r (M n ). TTjen 

(V Vt,a: G R, ^G (fc) (x ,-) G iJ r - fc+1 (M n ) and \\v$ t GW(x°,-)\\ H r-k + i < \\v\\ H r; 
(ii) Vt G R, uJttGW G C*(R,-£r^- fc+1 (R n )) and, if0<j<£, 

(vW (k) ) = (-IM^; 

(mj ufttG^ a u>ea£; solution of (TTJj, i.e. n^G^ G £o~ fc+1 and 

\M t GW\\ g r- k+l = \\v\\ H r. 

(iv) The map t i — ► ufoG^ fre/onas to C'(R, £ r -'-* +1 ) and for all j E [0,£] 

Proof — All these properties are consequences of fl60l) and of the obvious observations 
that, if we denote H^it — x°,£) := Re ^ fc ~ 1 e(£) fc ~ 1 e* e( ^'~ :r0 )j then is smooth and 
\Hk(t — x°,£)\ < e (0 fc_1 - The proof of (ii) and (iv) requires furthermore the use of 
Lebesgue's theorem. The proof of (iii) follows from (v^tG^j = —e 2 v$ t G( k \ ■ 
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